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We demonstrate that single layer graphene exhibits a strong nonlinear photon-mixing effect in the terahertz frequency regime. Up to room temperature, the third-order nonlinear current in graphene grows rapidly with increasing temperature. The third-order nonlinear current can be as strong as the linear current under a moderate electric
field strength of 104 V∕cm. Because of the unique Dirac behavior of the graphene quasi-particles, low Fermi level
and electron fillings optimizes the optical nonlinearity. Under a strong-field condition, the strong-field-induced
Dirac fermion population redistribution and nonequilibrium carrier heating effects further amplify the optical
nonlinearity of graphene. Our results suggest that doped graphene can potentially be utilized as a strong terahertz
photon mixer in the room-temperature regime. © 2012 Optical Society of America
OCIS codes: 190.4380, 020.4180, 160.3918, 160.4236, 190.4720.

1. INTRODUCTION
Graphene is an monoatomically thin honeycomb nanostructure made up entirely of carbon atoms. Graphene is a zerogap semiconductor. The loosely bound π electron forms a
conduction band and a valence band that are degenerate at
two inequivalent K and K 0 points in the first Brillouin zone.
The degenerate point is commonly know as the Dirac point.
Such nomenclature arises because the energy spectrum of the
charge carriers at the vicinity of the Dirac points is equivalent
to the linear energy dispersion of a massless ultrarelativistic
fermions as described by Dirac’s equation. Following its first
successful isolation in 2004 [1], many fascinating and exotic
phenomena have been observed [2]. This includes the unusually high carrier mobility [3,4], absence of carrier backscattering [5], the existence of a universal optical conductivity
[6,7] and a finite conductivity in the limit of vanishing charge
carrier concentration [8,9], a temperature-robust half-integer
quantum hall effect [3,10–12], and strong suppression of weak
localization in spite of graphene’s low dimensionality [13], to
name just a few of the many exciting properties found in
graphene. Because of the unique Dirac point quasi-particle dynamics, graphene also serves as an ideal “scale-down” sandbox for the testing of high energy quantum physics [14].
Nonlinear optics plays a central role in the development of
modern optics. Unfortunately, nonlinear optical effects in conventional semiconductors are usually minimal unless an extremely intense laser pulse is applied, and this greatly reduces
the practicality of semiconductor-based devices. Recently,
it has been demonstrated that the nonlinear optical response
in graphene and several sister structures can be rather strong,
especially in the important terahertz frequency regime
[15–23]. For single layer graphene, strong terahertz interband
[15] and intraband [16,17] nonlinear optical responses were
theoretically predicted. Ishikawa has shown that, when both
interband and and intraband processes are simultaneously
considered, the optical nonlinearity is slightly reduced, but
a strong terahertz response is still evident [18]. Experimen0740-3224/12/030274-06$15.00/0

tally, a strong nonlinear optical response in the visible and
infrared regime [21,22], and frequency multiplication of millimeter waves is observed [23]. These studies open up the possibility of developing graphene-based devices for nonlinear
optoelectronic and photonic applications. Such devices are
much sought after not only because of graphene’s unusually
strong nonlinear response, but also because of the abundance
of carbon atoms in nature and its waste-minimized bottom-up
nanomanufacturing process.
The nonlinear intraband optical response of gapless graphene has been previously studied by Mikhailov et al., who
used the semiclassical Boltzmann transport equation for
two limiting cases: (i) zero doping at finite temperature and
(ii) finite doping at zero temperature [16,17]. The intermediate
regime between (i) and (ii), i.e., doped graphene at finite temperature, is, however, left open and has not been reported so
far. The nonlinear response in this intermediate regime is important since finite doping is usually present due to crystal
imperfection and impurities, and the practical implementation
of a graphene-based device requires finite temperature information. Furthermore, nonlinear response usually occurs under a strong external field. The strong-field-driven Dirac
fermion (SDF) population redistribution, which is due to their
externally perturbed dynamics and nonequilibrium carrier
heating, becomes inevitable in the strong-field regime. The optical response of graphene with these strong-field effects considered has, however, not yet been reported, to the best of our
knowledge. In this work, we fill in these gaps by constructing
the full temperature spectrum of the nonlinear optical response of a finite-doped (μ ≠ 0) graphene single layer in both
gapless and gapped cases under both weak-field and strongfield conditions. By directly decomposing the carrier dynamics into linear and nonlinear components when driven
by an external AC electric field, we show that, for doped graphene, the third-order nonlinear optical response in the terahertz frequency regime easily dominates over the linear
response with a moderate electric field strength of
© 2012 Optical Society of America
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104 V∕cm and this nonlinear response is thermally enhanced
up to room temperature. Interestingly, when strong-field effects are considered, the optical nonlinearity of graphene is
further amplified and the electric field strength can be reduced to the order of 103 V∕cm. This clearly indicates the potential of single layer graphene as a room-temperature
terahertz-wave photon mixer.

unperturbed case. Note that the velocities reverse the directions for opposite s  1 Dirac cones due to the particle–hole
symmetry.
The ith-order current is given by

2. THEORY

where εph is the energy of the incoming photons, kB is the
Boltzmann constant, T is the temperature, and f εs  is the
Fermi–Dirac distribution function. The integration cutoff Λ
is equal to the Fermi-level μ at T  0 K, and is arbitrarily
set to a large value of 0.5 eV for T > 0 K and μ > 0 numerical
calculation. Up to room temperature, the Fermi–Dirac distribution terminates the momentum integration well before Λ
and, hence, our choice of Λ is well justified. For μ < 0, Λ terminates the momentum integration at μ  kB T to avoid the
low-momentum regime where p ≫ u fails. Deep charge carriers cannot respond to the external perturbation due to
the unavailability of higher energy states. We qualitatively approximate this by choosing a lower momentum integration
limit of μ − εs − kB T.

The effective Hamiltonian of graphene for a low energy carrier
expanded around the K point is given by
^  vF
H



0
p


p−
;
0

(1)

where the Fermi velocity is vF  3ta∕2ℏ ≈ 106 m∕s, t ≈ 3 eV is
the nearest-neighbor hopping bandwidth, a ≈ 0.142 nm is the
carbon–carbon distance, and p  px  ipy . The energy eigenvalue of Eq. (1) gives rise to the linear energy dispersion
εs  svF p, where s  1. This energy dispersion results in
symmetric upper (s  1) and lower (s  −1) Dirac cones,
representing electrons and hole states, respectively, and is
analogue to the charge conjugation symmetry in quantum
^
electrodynamics. The velocity operator is given by ^v  ∂H∕∂p.
Following Feynman [24], we write the expectation value of ^v
as h^
vs i  ∂εs ∕∂p. This gives velocity eigenvector vs  svF p∕p.
We consider a time-dependent applied electric field in the
form of
X
Er; t 
Eμ expfiqμ · r − ωμ tg;

where Eμ , qμ , and ωμ are the amplitude, wave vector, and frequency of μth wave of the electric field. Ignoring the weak
magnetic component, the external field is minimally coupled
to the quasi-particle by performing the substitution p →
p − eAr; t, where Er; t  −∂Ar; t∕∂t and e is the electric
charge. A straightforward expansion of vs up to third order
of the applied field, assuming p ≫ u where u  −eAr; t,
gives

vs2  −svF



(3)




u p p·u
;
−
p p p2
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Z

Λ

μ−εph −kB T

d2 pvi
s f εs ;

(7)

3. LINEAR OPTICAL RESPONSE
The linear current density for μ > εph at T  0 K, including
spin and valley degeneracy, is given by
J1
T0  −i

e2 X
E expfiqμ · r − ωμ tg.
πℏ μ μ

(8)

Equation (8) corresponds to a linear conductivity of σ 1
T0 
e2 ∕πℏ and is in agreement with the linear conductivity calculated using the Kubo formula [8,9]. For μ < 0, the current density reverses the direction since it is now contributed by
s  −1 carriers. For T > 0 K, we obtain



e2 kB T
ℏω
ln 1  exp 1 
kB T
πℏ ℏω
X
Eμ expfiqμ · r − ωμ tg;
×

J1
T  −i

(9)

μ

 
p
;
 svF
p

v1
s  svF

s

(2)

μ

v0
s

XZ
Ji  e

which reduces to Eq. (8) in the limit of T → 0.

4. NONLINEAR THREE-PHOTON MIXING
It is straightforward to show that the second-order velocity
v2
s does not generate any electric current due to the inversion
symmetry of graphene. The third-order nonlinear current at
T  0 K is given by

(5)
3
JT0
 −is



Eμ · Eν Eξ
e4 v2F X εμνξ
8πℏ2 μ μνξ μ − εμνξ ωμ ων ωξ

× expfiqμ  qν  qξ  · r − ωμ  ων  ωξ tg;
(6)

where vi
s represents the ith-order velocity of graphene per
spin and per valley degeneracy. The zero-order velocity is
equal to the Fermi velocity vF , which is consistent with the

(10)

where s  1 (−1) for μ > 0 (μ < 0) and μ > εμνξ where εμνξ 
εμ  εν  εξ is the sum of three incoming photon energies. The
magnitude of the zero temperature nonlinear current density
is the same for electron filling (μ > 0) and hole filling (μ < 0)
due to the up–down Dirac cone symmetry. At finite temperature, the nonlinear current density is obtained from
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e4 v2F X Eμ · Eυ Eξ
8πℏ2 μνξ ωμ ων ωξ

Z

dεp
ε2p

1
1  exp



εp −μ
kB T
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× expfiqμ  qν  qξ  · r − ωμ  ων  ωξ tg;

(11)

where, for simplicity, we have suppressed the integration limit. We see that μ plays an important role in the finite temperature current density of graphene. As shown in Eq. (10), smaller
μ generates stronger nonlinear current. However, the assumption of p ≫ u in the derivation of the nonlinear velocities is no
longer valid if μ is too small, since this will involve charge carriers with momentum comparable to u. For terahertz waves at
room temperature, the range of jμj ≳ 0.05 eV will be adequate
for p ≫ u to hold, and we choose μ  60 meV as the smallest
Fermi level throughout this work. Experimentally, the Fermi
level is continuously tunable up to 1 ∼ 2 eV by an external
gate voltage [25] and, hence, our choice of μ is practically
achievable.
The numerical result of Eq. (11) is shown in Figs. 1 and 2.
We observe three important and unusual features in the nonlinear optical response: the third-order nonlinear response is
(i) thermally enhanced up to room temperature, (ii) approximately inversely proportional to μ; and (iii) asymmetric between μ > 0 and μ < 0. Feature (i) is due to the thermal
extension of the charge carrier lower limit μ − εμνλ − kB T at
higher temperature. A thermally created vacancy at a higher
energy level allows more low-lying charge carriers to be excited and this amplifies the nonlinear current. However, it
should be emphasized that the nonlinear current does not
grow indefinitely with increasing temperature. At much higher
temperature, the charge carriers in the opposite Dirac cone
contribute to an opposite nonlinear current generation, which
eventually reduces in the net nonlinear current. This reduction is not observed in our case due to the largeness of μ
we have chosen, i.e., the nonlinear current is always contributed by charge carriers in only one Dirac cone. For feature
(ii), a small μ results in nonlinear current contributed by
low-momentum charge carriers and this leads to the stronger
current density. The combine effect of (i) and (ii) causes the
superlinear growth of nonlinear current at μ  60 meV and
T > 150 K. Feature (iii) is explained by the finite temperature
Dirac fermion population distribution in graphene. Consider
that μ is in an arbitrary magnitude of μ  μ0 . Switching the
Fermi level from μ  μ0 to μ  −μ0 is essentially equivalent

Fig. 1. (Color online) Temperature dependence of third-order nonlinear current density for μ < 0 at ω  1 THz.

Fig. 2. (Color online) Temperature dependence of third-order nonlinear current density for μ > 0 at ω  1 THz.

to the mirror reflection of the upper Dirac cone across the
zero energy point into the lower Dirac cone. However, the
Fermi–Dirac is not reflected, but is shifted downward by an
amount of 2μ0 and this breaks the overall up–down symmetry
of the nonlinear currents at μ  μ0 . When μ  μ0 , a larger
amount of low-lying s  1 electrons becomes excitable at
finite temperature and this significantly enhances the nonlinear current, while in the case of μ  −μ0 , a larger amount
of deep s  −1 electrons becomes excitable and the nonlinear
current enhancement is relatively weaker.
The strong nonlinear response of single layer graphene is
not surprising if we consider the quasi-particle dynamics in
graphene. The massless Dirac fermions around the K point
are well described by a “pseudospin” Hamiltonian [Eq. (1)]
and this pseudospin nature mimics the “real-spin” Rashba
spin-orbit interaction (RSOI) term in two-dimensional electron gas (2DEG) confined in a quantum well structure, which
has previously been shown to exhibit exceptionally strong
nonlinear response [26]. In such a system, the enhanced nonlinearity is caused by the highly nonparabolic band structure
induced by RSOI [27], while, in graphene, the linear (and,
hence, highly nonparabolic) Dirac conic band structure results in the same enhanced optical nonlinearity. The linear optical response is, however, much smaller in graphene (linear
conductivity of the order of quantum conductance e2 ∕h) and
this gives rise to the relatively stronger optical nonlinearity in
comparison to 2DEG with RSOI.
Two conclusions can be readily drawn from the above discussions. To achieve strong nonlinear optical effect in graphene, (i) small μ is preferred since low-lying electrons are
strongly nonlinear, and (ii) electron filling μ > 0 is preferred
due to the broken Dirac fermion population symmetry at finite
temperature.
We remark that the total optical conductivity should include both intraband and interband contributions. It can, however, be seen that σ inter is forbidden in the few-terahertz
regime due to the largeness of μ. By the virtue of momentum
conservation, the requirement for the vertical interband transition can be written as 3εphoton > 2μ (where for simplicity, the
three incoming photons are assumed to have the same energy
εphoton ). For μ > 0.06 eV, each photon has to exceed 0.04 eV,
or frequency higher than 10 THz, for vertical interband transition to become possible and this is well beyond the fewterahertz regime considered here. Therefore, it is reasonable
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to drop the σ inter contribution and to consider σ intra as the sole
contributor to σ total .

5. CRITICAL ELECTRIC FIELD AND
PHOTON-MIXING EFFECT
We now discuss the electric field strength required to create a
nonnegligible photon-mixing effect in graphene. We define a
critical field strength such that jJ3 j∕jJ1 j  1. Combining
Eq. (8) and Eq. (10), the T  0 K critical field is given by
E c ω; T  0 K 

 
1∕2
2ω 2μ μ
−
ℏω
;
vF e2 3

(12)

where the two incident beams are assumed to have the same
intensity and polarization. For ω  1 THz and μ  0.1 eV, the
zero temperature critical field is approximately 104 V∕cm.
This electric field strength is rather moderate and is about
1 order of magnitude larger than the critical electric field
of the three-photon nonlinear interband conductivity in intrinsic graphene [15]. At T > 0, the critical field is E c ω; T 
βE c ω; T  0 K, where the dimensionless parameter β is
defined as
h

i91∕2
8
<k T ln 1  exp kℏωT  1 =
B
B
β
;
3
: ℏω
;
jJ3
j∕jJ
T>0
T0 j

(13)

and it describes the temperature dependence of the optical
nonlinearity in graphene. The temperature dependence of β
is plotted in Fig. 3. β exhibits contrasting behavior at the
low- and high-temperature regimes. At the low-temperature
regime, β increases with increasing temperature due to the
stronger linear current. At higher temperature, the rate of increase of J 3 eventually exceeds J 1 and this leads to the
peaking of β, and a further increment of temperature results
in the lowering of β. For μ  60 meV, the β peaking is clearly
observable at T ≈ 150 K. The room-temperature E c is approximately 10% lower than Ec at T ≈ 150 K. For μ  0.1 eV and at
room temperature, E c is increased by about 60%, i.e.,
E c ≈ 2 × 104 V∕cm, and this is consistent with the experimental electric field strength where gigahertz waves mixing
occurred [23].

The nonlinear optical absorption in graphene creates an oscillating current density J 3 . This oscillation, in turn, induces
an electromagnetic wave giving rise to the well-known fourwave-mixing phenomenon. The strong nonlinear current density in graphene immediately suggests the occurrence of a
strong four-wave-mixing effect. The strength of the electric
field E3 induced by the nonlinear mixing of ω3  2ω1  ω2
can be estimated by solving Maxwell’s inhomogeneous electromagnetic wave equation □E3  4π∕c2 ∂J3 ∕∂t where
□ is the d’Alembert operator. At a distance far from the graphene single layer, the solution is approximately given by
∂2 E3 ∕∂2 t ∝ ∂J3 ∕∂t and the corresponding third-order polarizability is given as
χ 3 





e4 v2F
ℏω3
1
1 2
.
8πℏ2 μ μ − ℏω3 ω2 ω3 ω1 ε0

In the previous sections, the optical response is derived by
assuming that the Dirac fermion population is well described
by f ε0 , where ε0  v0
s · p is the unperturbed linear energy
spectrum. Under the strong-field condition, the simple assumption of f ε0  is, however, no longer valid since the exter2
3
nally acquired dynamics Δε  v1
s  vs  vs  · p is no
longer negligible. This additional dynamics causes the Dirac
fermions to redistribute themselves, resulting in a completely
different distribution function of f ε0  → f ε0  Δε. In this
section, we study the optical response of SDF in graphene
with the strong-field-induced carrier population redistribution
taken into account. It can bePshown that a straightforward expansion of f ε0  Δε  n0 Δεn f n
0 ∕n! up to n  3,
where f n
is the nth-order derivatives of f ε0 , yields
0
f ε0  Δε  f ε0   Δf 1  Δf 2  Δf 3 , where Δf 1  0,
1
3
1
Δf 2  v2
s · pf 0 , and Δf 3  vs · pf 0 . By substituting
f ε0  Δε into Eq. (7), the linear and nonlinear current densities in the strong-field regime can be written as
J1S  J1w ;

(15)

J2S  0;

(16)
0

1.5
1.4

β 1.3
1.2

µ = 0.06 eV
µ = 0.08 eV
µ = 0.10 eV

1.1
1
0

100

200

300

T (K)
Fig. 3. (Color online) Temperature dependence of β at ω  1 THz. β
exhibits contrasting behavior at the low- and high-temperature
regimes.

(14)

6. OPTICAL RESPONSE OF HOT DIRAC
FERMIONS

J3S  J3w  J3  ;

1.6

277

(17)

where the superscripts (S) and (w) emphasize the optical response of SDFs and weak-field Dirac fermions, respectively.
The consequences of Eqs. (15) and (16) are quite surprising:
the linear and second-order nonlinear optical responses of
graphene remain unchanged, although the whole SDF population has redistributed itself. This behavior can be understood
by considering the nature of the strong-field-induced population redistribution phenomena. Such process is a description
of how strongly the Dirac fermions respond to an external perturbation and the degree of redistribution depends on the coupling between the externally acquired dynamics and the
unperturbed dynamics of Dirac fermions, i.e., vexternal · p.
For a first-order response, it can be seen that the externally
acquired first-order dynamics is completely decoupled from
the unperturbed dynamics, i.e., vs1 · p  0. As a result, this
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orthogonality ensures that the linear response of graphene is
always protected from the strong-field effect. For a secondorder nonlinear response, the second-order coupling v2
s ·p
is finite and one would intuitively expect a finite second-order
current to occur. This is, however, not the case, as the additional second-order term vanishes after performing angular
integration. In this case, although Dirac fermions are secondorder perturbed and redistributed, the crystal itself remains
unaffected and retains its inversion symmetry. Therefore,
the second-order nonlinear response is still zero in strong-field
regime.
0
The strong-field term J3  in Eq. (17) is given as

0

J3 

μ
 JT0
kB T
30 

Z

 
exp εk0B−μ
T
dp

 
2 ;
ε
−μ
p exp 0
1

(18)

kB T

0

3 
where JT0
is the T  0 K results and is given by
0

3 
JT0

0

X Eμ · Eυ Eξ e4 v2
F
 −is
ωμ ων ωξ 8πℏ2 μ
μνξ
× exp fiqμ  qν  qξ  · r − ωμ  ων  ωξ tg. (19)

The critical electric field strength at T  0 K is given as
ES
c T  0 



2ω 2ℏω
μ
−
3ℏω
.
vF e2

(20)

For 1 THz and μ  0.1 eV, E S
c T  0  3300 V∕cm and is 3
times smaller than that of the weak-field response. At finite
S
S
temperature, we obtain E S
c T  β TE c T  0, where
S
the dimensionless strong-field β is given as


 1∕2


ln 1  exp kℏω

1
BT
k T
βS T  B
.
3S
ℏω
jJ3S
T>0 j∕jJT0 j

(21)

is significantly lower than
It can be seen in Fig. 4 that E S
c
weak-field Ec over a wide temperature regime from T 
0 K to T  600 K. This indicates the stronger optical nonlinearity of SDFs in comparison to the usual Dirac fermions.
The stronger optical nonlinearity of SDFs is due to the fact

Critical Electric Field (V/cm)

16000

12000

8000
(S)

Ec
4000

Ec
0

200

400

Fig. 5. (Color online) Temperature dependence of strong-field thirdorder nonlinear current density at ω  1 THz. Note that T  T lattice if
nonequilibrium heating is ignored and T  T hot if nonequilibrium
heating is considered. Since T hot > T lattice , the nonlinear optical response is significantly stronger if carrier heating is considered.

that the third-order nonlinear response is amplified by J3  ,
while the linear response remains unchanged.
We now discuss the optical response due to nonequilibrium
hot Dirac fermions in graphene. The hot Dirac fermions in graphene are short lived, especially in the case of high lattice temperature, where stronger electron–phonon coupling provides
an efficient pathway for relaxation [28–30]. Under a weakfield condition, Dirac fermions rapidly thermalize themselves
with the lattice, i.e., T  T lattice . In a strong-field regime, the
nonequilibrium heating of SDFs lifted the SDF temperature
from the lattice temperature and, hence, the temperature
terms in Eqs. (15) and (17) must be replaced by T → T hot ,
where T hot is the hot SDF temperature and T hot > T lattice .
For critical field variations between 103 V∕cm and 104 V∕cm,
the hot SDF temperature reaches between T hot  350 K and
T hot  600 K [31]. In contrast, equilibrium Dirac fermions are
relatively “cold” since the lattice temperature in most of the
practical application is up to only T lattice  300 K. It can be
seen from Fig. 5 that the nonlinear current of hot SDFs in
350 K < T hot < 600 K is generally stronger than that of the
cold equilibrium Dirac fermions where T lattice < 300 K. Note
that the temperature axis T in Fig. 5 has two alternative meanings: (i) without nonequilibrium SDF heating, T  T lattice , and
(ii) with nonequilibrium SDF heating, T  T hot .
In summary, the optical response of graphene under the
strong-field condition exhibits the following interesting behavior. (1) The linear and second-order nonlinear responses are
well protected from the external field due to the unique Dirac
fermion dynamics and the preservation of crystal inversion
symmetry. (2) The third-order nonlinear optical response is
enhanced by three distinct mechanisms: (i) the third-order response is intrinsically proportional to E 2 , (ii) the SDF population redistribution creates an additional contribution to the
third-order response, and (iii) the nonequilibrium heating
raises the carrier temperature to T hot > T lattice and further enhances the nonlinear current.

7. CONCLUSION
600

T (K)
Fig. 4. (Color online) Critical field of ES
at ω  1 THz and
c
μ  0.1 eV. Weak-field critical field Ec is also shown.

Finally, we point out several experiments that can potentially
be used to verify our theoretical calculations. Several experimental works emphasizing the visible and near-infrared nonlinear optical response of graphene have been reported

Shareef et al.

recently [21,22,32]. Multiple-photon absorption/transmission
experiments [22,32] can be repeated in the terahertz regime
to qualitatively estimate the optical nonlinearity of graphene.
The nonlinear wave-mixing effect can be more accurately
quantified by irradiating a graphene sample with two waves
at the terahertz level of frequencies ω1 and ω2 , and selectively
filtering the outgoing waves to determine the strength of the
mixed wave (2ω1  ω2 ) [21]. The temperature dependence of
the wave-mixing effect can be probed by performing these experiments under controlled temperature conditions.
In conclusion, we have presented a qualitative and quantitative analysis on the nonlinear effect and its temperature dependence in gapless and gapped graphene. In graphene, the
nonlinear effect is approximately inversely proportional to
the Fermi level and grows rapidly with temperature up to
room temperature. The critical electric field required to generate a nonlinear effect comparable to the linear effect is in a
rather moderate value of 104 V∕cm even in room temperature.
Under the strong-field condition, the Dirac fermion population
redistribution and nonequilibrium carrier heating effects
further enhance the optical nonlinearity of graphene. The
strong and temperature-robust nonlinear optical nonlinearity
suggests that graphene can potentially be an excellent candidate in nonlinear photon-mixing applications.
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